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	Lecturer(s): PhD. Konstantin A. Nadolin
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	Aims and objectives
	Course deals with advanced concepts and techniques of mathematical modeling in applied mathematics, which are based on differential equations (ODE and PDE). So, the course is dedicated to the overview of modern numerical methods for computer-based solutions of initial and boundary-value problems for ODE and PDE. The subject of the course is focused on the ideas of different numerical methods, analyses of their distinctive features and comparison of their effectiveness for applications. While the major emphasis is on the study of finite element method (FEM) because of its well-structured computer-oriented scheme, universality, and adaptability for 2D and 3D problems in domains with complicated geometry, the course also draws attention to finite difference method (FDM) and some popular Galerkin-based techniques: Bubnov method; method of least squares; collocation methods (single and multiple collocation points, collocation in cells), etc. Also, this course includes discussions and analysis of programming tricks and coding techniques in MATLAB and C++ for the efficient numerical solution of problems in science and engineering.


	Outcomes
	On successful completion of the course, students are expected to be able to:

• describe and compare different approaches to the discretization procedure for the typical initial and boundary-value problems for ODE and PDE;

• choose and implement a suitable numerical method for given regular initial and boundary-value problems for ODE and PDE;

• ascertain basic properties of regular differential and discrete problems and analyze their correlations;

• define and analyze the influence of calculations errors (both absolute and relative);

• use math packages (MATLAB, Maple etc.) for programming regular numerical algorithms.



	Content
	Role of mathematical modeling and computational experiment in natural science and engineering. ODE and PDE as mathematical models. Fundamental PDEs, its classification and basic initial and boundary-value problems. Basic formulas for differential operators, their characteristics and transformations. Operator representation for problems of mathematical physics.
Exact solution of PDE. Green operator and its representation as series or integral. Calculation of values of exact solution in fixed points. Numerical solution of PDE vs. its classical exact solution. Dirichlet and Neumann problems for Poisson equation in regular domains. Numerical (MATLAB, Maple) and analytical (Fourier technique and separation of variables) approaches.

Galerkin-type approximation for operator equation (projection approach). Relations between residual of equation and error of solution approximation. Inner, boundary and overall residuals. Numerical methods classification.

Analysis of weighted residual methods (Bubnov method; method of least squares; collocation methods (single and multiple collocation points, collocation in cells); finite difference method). Testing a set of weighted residual methods for second order ODE on segment (1D two-point boundary-value problem)

FEM in 1D – basic ideas and terminology. Variation and projection approach. FEM as a weighted residual method. 

Elliptic problems: classic, generalized and weak solutions for boundary-value problems. 3D, 2D and 1D examples. Essential and natural boundary conditions. Testing a set of weighted residual methods for second order PDE in rectangle (2D boundary-value problem).
FEM in 2D: domain triangulation; linear triangle finite element; shape functions; bilinear quadrangle finite element. Stiffness matrix and load vector (global and local level). Stiffness matrix for inner and border elements. 

Example: Dirichlet problem for Poisson equation in square. Assembling procedure. Essential boundary conditions processing. Nodes numeration problem. Testing a second order PDE in rectangle (2D boundary-value problem) by FEM.
High-order finite elements. Lagrangian and Hermitian finite elements.
FEM for parabolic and hyperbolic problems


	
	

	Methods and forms of study
	Lectures, laboratory work, self and pre-laboratory work, self-study and writing a report, exam in 2-nd semester. Total amount 180 h.



	Evaluation
	written exam 40%. Laboratory work assignments 30%, individual project assignments 30% 



	Study materials
	Zienkiewicz O.C., Morgan K. Finite Elements and Approximation. 1983. John Wiley & Sons.

Strang G., Fix G. An Analysis of the Finite Element Method. 1973. Prentice Hall.

Fletcher C.A.J. Computational Galerkin Methods. 1984. Springer-Verlag.

Encyclopedia of Computational Mechanics, Edited by Erwin Stein, Ren´e de Borst and Thomas J.R. Hughes. Volume 1: Fundamentals. Volume 2: Solids and Structures. Volume 3: Fluids. 2004. John Wiley & Sons.
Efendiev Y., Hou T. Y. Multiscale Finite Element Methods: Theory and Applications. – B. : Springer, 2009.

	Prerequisites
	Recommended BSc. courses of analysis, linear algebra, ODE, PDE, calculus, scientific computing (Maple, Matlab).
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